
FUNDAMENTAMATHEMATICAE* (2000) Does C�-embedding imply C-embeddingin the realm of products with a non-discrete metric factor?byValentin Gu t e v (Durban) and Haruto Oh t a (Shizuoka)Abstract. The above question was raised by Teodor Przymusi«ski in May, 1983, inan unpublished manuscript of his. Later on, it was recognized by Takao Hoshina as aquestion that is of fundamental importance in the theory of rectangular normality. Thepresent paper provides a complete a�rmative solution. The technique developed for thepurpose allows one to answer also another question of Przymusi«ski's.1. Introduction. A subset A of a topological space X is C�-embeddedin X if every bounded real-valued continuous function on A is continuouslyextendable to the whole of X . If this holds for all real-valued continuousfunctions on A, then A is called C-embedded in X . Now, we shall say thata subset A � X is U!-embedded in X if for every continuous function f :A! R, there exists a continuous function g : X ! R such that f(x) � g(x)whenever x 2 A. The notion \U!-embedded" in this sense is the same as\U!-embedded" in the sense of Hoshina [8] (see Lemma 2.5). It should bementioned that a subset A � X is C-embedded in X if and only if it is bothU!- and C�-embedded in X [20] (see [8, Proposition 1.6]).Another special embedding which will play a central role in the paperis related to extension of maps with values in Banach spaces. Let � be anin�nite cardinal. A subset A � X is P�-embedded in X if every continuousmap f : A ! Y into a Banach space Y with w(Y ) � � is continuouslyextendable over X , where w(Y ) is the weight of Y , i.e., the least cardinalityof a base for the topology of Y . The notion \P�-embedded" in this sense isthe same as \P�-embedded" in the sense of Shapiro [28], which was intro-duced by Arens [3] under the name \�-normally embedded" (see [1, 19, 22,28]). It should be mentioned that A is C-embedded in X if and only if it isP!-embedded in X [6].2000 Mathematics Subject Classi�cation: 54C45, 54C20, 54B10, 46B99.Key words and phrases: C-embedding, C�-embedding, product space, metric space.



2 V. Gutev and H. OhtaThe following theorem will be proved in this paper.Theorem 1.1. Let � be an in�nite cardinal number , A be a P�-embeddedsubset of a topological space X , and let M be a metric space. The followingconditions are equivalent :(a) A�M is P�-embedded in X �M .(b) A�M is C�-embedded in X �M .(c) A�M is U!-embedded in X �M .Concerning the right place of Theorem 1.1, let us �rst especially men-tion the following consequence which provides an a�rmative answer to [24,Problem 3] raised by Teodor Przymusi«ski, and also to [9, Problem 4.14]and [10, Problem 3.1] stated by Takao Hoshina.Corollary 1.2. Let X be a topological space, A be a subset of X , andlet M be a non-discrete metric space. Then A�M is C-embedded in X�Mprovided it is C�-embedded in X �M .P ro o f. By Theorem 1.1, it su�ces to show that A is C-embedded in Xif A�M is C�-embedded in X�M . By assumption, M contains an in�nitecompact subset K. By a result of E. Michael (see Lemma 2.1), A � K isC�-embedded in X �K. Finally, by a result of [20, 22] (see Lemma 2.3), Ais C-embedded in X .Theorem 1.1 incorporates also several known results. In case X �M isan M -independent product, Corollary 1.2 coincides with a result of Przy-musi�nski [24]. Let us point out here that the notion of M -independence ofX�M is located between dim(X�M) = 0 and dimM = 0. In caseM is thespace of irrational numbers, Corollary 1.2 coincides with a result of H. Ohta[21]. The equivalence between conditions (a) and (b) of Theorem 1.1 wasestablished by K. Yamazaki when M is �-locally compact [30], and by T.Hoshina and K. Yamazaki when M2 is homeomorphic to M [11].For a proper understanding of Theorem 1.1, a word should be said alsoabout the last condition (c). The statement that it is equivalent to the pre-vious ones should be compared with Rudin{Starbird's result in [27] that, fora non-discrete metric space M , the normality of X �M is equivalent to thecountable paracompactness of X�M . As we shall establish in the next sec-tion, the notion of U!-embedding has a quite nice and useful interpretationin terms of Ishikawa's characterization of countable paracompactness [14].Another interesting consequence which follows from Theorem 1.1 is thefollowing result.Corollary 1.3. Let � be an in�nite cardinal ,A be a P�-embedded subsetof a topological space X , Y = K�M be the product of a compact Hausdor�



Does C�-embedding imply C-embedding 3space K and a metric space M , and let � = maxfw(K); �g. Then A� Y isP�-embedded in X � Y provided it is C�-embedded in X � Y .P ro o f. Suppose that (A�K)�M is C�-embedded in (X�K)�M . ThenA�K is C�-embedded in X �K. Hence, it is P�-embedded in X �K (seeLemma 2.3). Finally, by Theorem 1.1, A � Y is P�-embedded in X � Y .In view of Corollary 1.3 and Theorem 1.1, the following two problemsbecome natural.Problem 1. Let � be an in�nite cardinal, A be a P�-embedded subsetof a topological space X , and let Y be a closed subspace of the product ofa compact Hausdor� space and a metric space, i.e. a paracompact M -spacein the sense of [18]. Is A � Y P�-embedded in X � Y if it is C�-embeddedin X � Y ?Problem 2. Let � be an in�nite cardinal, and let A be a P�-embeddedsubset of a topological space X . Does Theorem 1.1 remain true if M issupposed to be only (i) a La�snev space, or (ii) a strati�able space, or (iii) aparacompact �-space?For the notions involved in Problem 2, we refer the reader to [7].The proof of Theorem 1.1 is divided into a few steps and will be �nallyaccomplished in Section 6. Some of these steps were inspired by ideas statedin the proof of [24, Proposition 5] but, in view of the present situation of ar-bitrary metric spacesM , our arguments are entirely di�erent. The �rst stepof our proof is a general \scattered" reduction of the theorem to the samestatement but now only for metric spaces M which are both nowhere locallycompact and homogeneous with respect to the weight of their non-emptyopen subsets. This is done in detail in Section 4 (see Theorem 4.1), wherewe call the spaces with the second property weight-homogeneous . Next, inSection 5, we deal with the special case of weight-homogeneous and nowherelocally compact spaces M , showing that, in this case, controlled simultane-ous extension of \many" cozero-sets of A to cozero-sets of X implies (a) ofTheorem 1.1 (see Theorem 5.1). Finally, in Section 6, we �nish the proofby showing that (b) and (c) of Theorem 1.1 certainly imply the extensionproperty stated in Theorem 5.1 (see Propositions 6.1 and 6.2). The techniquedeveloped for the proof of Theorem 1.1 allows one to provide an answer toanother question of Przymusi«ski's [23, Problem 1]. This is done in Theorem7.1 in the last section.2. The necessary preliminary results. This section contains all nec-essary preliminary results which are used in the proof of Theorem 1.1.For a topological space X and a linear topological space L, we useC(X;L) to denote the linear space of all continuous maps from X to L.



4 V. Gutev and H. OhtaAlso, as usual, we write C(X) for C(X;R). In what follows, for a map 'from a set T to a function space C(X;L), let us agree to write the value of 'at a point t 2 T as '[t]. Suppose that A � X . A map ' : C(A;L)! C(X;L)is called a linear extender if it is a linear map and '[f ] is an extension of fwhenever f 2 C(A;L).The following result is actually due to E. Michael. The proof in thespecial case of L = R can be found in Starbird [29].Lemma 2.1. Let X be a topological space, and let B be a closed subsetof a metric space M . Then, for every locally convex linear topological spaceL, there exists a linear extender ' : C(X �B;L)! C(X �M;L) such that'[f ](fxg �M) is a subset of the the convex hull of f(fxg � B) wheneverx 2 X and f 2 C(X �B;L).Ou t l i n e o f p r o o f. With every map f 2 C(X�B;L) and point x2Xwe associate another map fx2C(B;L) de�ned by fx(t)=f(x; t); t2B. Let : C(B;L)! C(M;L) be a Dugundji extender constructed in a standardway [5], i.e.  is a linear extender such that, for every g 2 C(B;L) andt 2 M , the point  [g](t) belongs to the convex hull of g(F ) for some �niteF � B. Then, for every f 2 C(X � B;L), de�ne '[f ] 2 C(X �M;L) bysetting '[f ](x; t) =  [fx](t); (x; t) 2 X �M . The map ' : C(X � B;L)!C(X �M;L) so obtained is as required.A cozero-set in X is a set U � X of the form U = fx 2 X : f(x) 6= 0gfor some f 2 C(X), and a cozero-set cover of X is a cover of X consistingof cozero-sets in X .Every �-locally �nite cozero-set cover of a space X has a locally �nitecozero-set re�nement ([17, Theorem 1.2] and [18, Theorem 1.2]). Modulothis fact, the next lemma was obtained by Morita (see the proof of [19,Corollary 10]), while the special case of P -embedding is due to Al�o andSennott [1, Corollary 2.4]. For a simple proof, we refer the interested readerto Przymusi«ski [22, Proposition 3.1].Lemma 2.2. Let A be a subset of a topological space X , and let � bean in�nite cardinal. Then A is P�-embedded in X if and only if for everylocally �nite cozero-set cover V of A of cardinality jVj � �, there exists a�-locally �nite cozero-set cover W of X such that V is re�ned by W \ A =fW \A :W 2 Wg.The �rst statement of the next lemma is due to Al�o and Sennott [2]; thesecond one to Morita and Hoshina [20, Theorem 1.5] and Przymusi�nski [22,Theorem 3].Lemma 2.3. Let � be an in�nite cardinal , and A be a subset of a topo-logical space X. If A is P�-embedded in X , then A� Y is P�-embedded inX � Y for every compact Hausdor� space Y with w(Y ) � �. If Y is an



Does C�-embedding imply C-embedding 5in�nite compact Hausdor� space, then A is Pw(Y )-embedded in X if andonly if A� Y is C�-embedded in X � Y .A zero-set in X is the complement of a cozero-set in X . Concerning theunion of zero-sets, we need the following lemma which coincides with [20,Lemma 2.3].Lemma 2.4. Let Z be a family of zero-sets of a topological space X whichadmits a locally �nite family fUZ : Z 2 Zg of cozero-sets of X with Z � UZfor every Z 2 Z. Then SZ is a zero-set of X.A family S of subsets of X is uniformly locally �nite in X [12, 15] ifthere exists a locally �nite cozero-set cover U of X such that every U 2 Umeets at most �nitely many members of S.We complete the list of the preliminary results with the following char-acterization of U!-embedding. For a similar characterization, we refer thereader to [8, Corollary 1.4].Lemma 2.5. For a subset A of a topological space X , the following con-ditions are equivalent :(i) A is U!-embedded in X.(ii) Every countable family S of subsets of A which is uniformly locally�nite in A is also uniformly locally �nite in X.(iii) For every decreasing sequence fFn : n < !g of zero-sets of A withTfFn : n < !g = ;, there exists a sequence fZn : n < !g of zero-sets of Xsuch that TfZn : n < !g = ; and Fn � Zn; n < !.P ro o f. (i))(ii). Let S = fSn : n < !g be a family of subsets of A whichis uniformly locally �nite in A. By [8, Lemma 1.1], there exists a locally�nite family fGn : n < !g of cozero-sets of A and a family fFn : n < !gof zero-sets of A such that Sn � Fn � Gn; n < !. For every n < !,take a continuous function fn : A ! [0; n] such that Fn � f�1n (n) andA n Gn � f�1n (0). Next, de�ne another continuous function f : A ! Rby f = Pffn : n < !g. According to (i), there exists g 2 C(X) withf(x) � g(x) for all x 2 A. Then U = fg�1((�n; n)) : n < !g de�nes acountable cozero-set cover of X such that each U 2 U meets at most �nitelymany members of S. Since every countable cozero-set cover has a locally�nite cozero-set re�nement, S is uniformly locally �nite in X .(ii))(iii). Let fFn : n < !g be a decreasing sequence of zero-sets of Asuch that TfFn : n < !g = ;. Then V = fA n Fn : n < !g is a countablecover of A which consists of cozero-sets of A and each member of V missessome Fn. Hence, fFn : n < !g is uniformly locally �nite in A and therefore,by (ii), also in X . That is, there exists a locally �nite cozero-set cover U ofX such that each U 2 U meets at most �nitely many Fn's. Then, for everyn < !, we may set Zn = TfX nU : U 2 U and U \Fn = ;g. In this way, we



6 V. Gutev and H. Ohtaget a sequence fZn : n < !g of zero-sets of X such that TfZn : n < !g = ;and Fn � Zn; n < !.(iii))(i). Let f 2 C(A), and let Fn = fx 2 A : f(x) � 2ng for everyn < !. By (iii), there exists a decreasing sequence fZn : n < !g of zero-setsof X such that TfZn : n < !g = ; and Fn � Zn; n < !. Then, forevery n < !, there exists a continuous function hn : X ! �0; 2�(n+1)� withZn = h�1n (0). De�ne a function h : X ! R by h = Pfhn : n < !g. Sinceh 2 C(X) and h(x) > 0 for all x 2 X , we can de�ne another continuousfunction g on X by setting g = 1=h. For x 2 A, let n(x) = minfn < ! :x 62 Zng. Then h(x) � 2�n(x) and, at the same time, x 62 Fn(x). That is,g(x) � 2n(x) > f(x).In [8] Hoshina has de�ned a subset A of X to be U�-embedded in X ifevery uniformly locally �nite (in A) family F of subsets of A with jFj � � isuniformly locally �nite in X . The equivalence stated by Lemma 2.5 justi�esthe use of the same name for the embedding property in the Introductionde�ned as \U!-embedding".3. Subdividing and generating embedding-like properties. Wediscuss some weaker embedding-like properties which will be used in thenext section. A subset A of a topological space X is z-embedded in X ifeach zero-set of A is the restriction to A of a zero-set of X . Further, we saythat A is well-embedded in X if for every zero-set Z of X with Z \ A = ;,there exists h 2 C(X) such that A � h�1(0) and Z � h�1(1). The followinguseful characterization of C-embedding was proven in [4, Corollary 3.6.B].Lemma 3.1. A subset A of a topological space X is C-embedded in X ifand only if it is both z-embedded and well-embedded in X.On the other hand, concerning rectangular subsets of product spaces, wehave the following example of well-embedded subsets.Lemma 3.2. Let A be a subset of a topological space X ,M a metric spaceand let F be a countable closed cover of M such that A� F is C-embeddedin X � F for every F 2 F . Then A�M is well-embedded in X �M .P ro o f. Let Z be a zero-set of X � M such that Z \ (A � M) = ;.According to Lemma 3.1, for every F 2 F we can �x an fF 2 C(X � F )such that A�F � f�1F (0) and Z \ (X�F ) � f�1F (1). Then, by Lemma 2.1,we can extend each fF to gF 2 C(X�M) so that A�M � g�1F (0). Finally,W = S�g�1F (Rn f0g) : F 2 F	 is a cozero-set of X �M which contains Zand W \ (A�M) = ;. That is, A�M is well-embedded in X �M .As Proposition 3.5 will show, well-embedding plays an important role asa component of another embedding-like property. Following [13], we shall saythat A is C1-embedded in X if for every zero-set F of A and every zero-set



Does C�-embedding imply C-embedding 7Z of X with F \ Z = ;, there exists h 2 C(X) such that F � h�1(0)and Z � h�1(1). It should be mentioned that every U!-embedded subsetis C1-embedded and every C1-embedded subset is well-embedded while, ingeneral, none of the converse statements hold (see [8, 13]). As a consequenceof our results, we shall obtain another example in this direction which isrelated to rectangular subsets of product spaces (see Example 3.4). Ourspecial interest in C1-embedding is inspired by the following property.Lemma 3.3. Let � be an in�nite cardinal , A be a C1-embedded subsetof a topological space X , and let F be a countable family of zero-sets of Xwhich covers A and F \A is P�-embedded in X for each F 2 F . Then A isalso P�-embedded in X.P ro o f. Let U be a locally �nite cozero-set cover of A with jUj � �.For every F 2 F , by hypothesis and Lemma 2.2, there exists a �-locally�nite cozero-set cover fG(U;F ) : U 2 Ug of X with G(U;F ) \ (F \ A) � Uwhenever U 2 U . Hence, for every F 2 F , there also exists a zero-setcover fZ(U;F ) : U 2 Ug of X and a cozero-set one fV(U;F ) : U 2 Ug suchthat V(U;F ) � Z(U;F ) � G(U;F ), U 2 U . Since A is C1-embedded in X , forevery (U; F ) 2 U � F there now exists a cozero-set W(U;F ) of X such thatW(U;F )\((Z(U;F )\A)nU) = ; and F � W(U;F ). ThenW0 = fV(U;F )\W(U;F ) :(U; F ) 2 U � Fg is a �-locally �nite and cozero-set (in X) cover of A suchthat U is re�ned by W0 \A. Since A is C1-embedded in X and W0 = SW0is a cozero-set of X which contains A, there exists a cozero-setW1 of X suchthat W1 \A = ; and X nW0 � W1. Hence, W = W0 [ fW1g is a �-locally�nite cozero-set cover of X such that U is re�ned by W \ A. Therefore, byLemma 2.2, A is P�-embedded in X .We are now ready for the following example which shows that \U!-embedded" cannot be weakened to \well-embedded" in condition (c) ofTheorem 1.1.Example 3.4. There exist a normal space X , a closed subset A of X ,and a metric space M such that A�M is well-embedded in X �M but notC1-embedded.P ro o f. According to [25, 26], there exists a normal space X and a closedsubset A ofX such that A�J(!) is not C-embedded in X�J(!). Here, J(!)is the metrizable hedgehog with ! spines. Note that J(!) admits a countablecover F of compact subsets. Since A is C-embedded in X , it follows fromLemma 2.3 that each A � F , F 2 F , is C-embedded in X � F and hence,by Lemma 2.1, in X � J(!) as well. Therefore, by Lemma 3.2, A� J(!) iswell-embedded in X � J(!) while, by Lemma 3.3, it is not C1-embedded inX � J(!).



8 V. Gutev and H. OhtaIn what follows, we say that a subset A is CU -embedded in X if forevery zero-set F of A and every zero-set Z of X with Z\F = ;, there existsh 2 C(X) such that F � h�1(0) and Z \ A � h�1(1). According to thede�nitions of well-embedding and C1-embedding, we now get the followingimmediate proposition.Proposition 3.5. A subset A of a topological space X is C1-embeddedin X if and only if it is both CU -embedded and well-embedded in X.We conclude this section with the following important example of CU -embedded subsets.Proposition 3.6. Let A be a subset of a topological space X which iseither C�-embedded or U!-embedded in X. Then A is CU -embedded in X.P ro o f. In case A is C�-embedded in X , this is obvious. On the otherhand, every U!-embedded subset is C1-embedded as we have stated beforeLemma 3.3. Hence, in case A is U!-embedded, this follows from Proposi-tion 3.5.4. A reduction to \nice" metric factors. Here, we show how theproof of Theorem 1.1 can be reduced to metric spaces M which are weight-homogeneous , i.e. w(U) = w(M) for every non-empty open subset U of M .The following theorem, which may have some independent interest, will beproved.Theorem 4.1. Let X be a topological space, M be a metric space, �be an in�nite cardinal , and let A be a P�-embedded subset of X such thatA�M is CU -embedded in X�M . Also, let A�S be P�-embedded in X�Sfor every weight-homogeneous and nowhere locally compact closed subspaceS of M . Then A�M is P�-embedded in X �M .To prepare for the proof of Theorem 4.1, we need a bit more terminology.For a space Y we use P(Y ) to denote the set of all subsets of Y , and C(Y ) todenote that of all closed subsets of Y . Also, we write T(Y ) for the topologyof Y . Finally for S � Y and U � S, we denote by clS(U) the closure of Uin S.Suppose that S 2 P(Y ) and P � P(Y ). By trans�nite induction, foreach ordinal � we de�ne a subset S(P;�) of S by setting S(P;0) = S and, for� > 0,S(P;�) = S n[�U 2 T(S) : clS(U) \ S(P;�) 2 P for some � < �	:We say that S is P-scattered if S(P;�) = ; for some �. For such S we alsode�ne the P-scattered height �P(S) as the �rst ordinal � with S(P;�) = ;.Sometimes, for convenience, we write S(�) instead of S(P;�).



Does C�-embedding imply C-embedding 9Lemma 4.2. Let S be a subset of a metric spaceM , and let P � P(M) besuch that C(P ) � P whenever P 2 P. Then for each ordinal � the followingholds :(1) S(�) is closed in S.(2) If U 2 T(S), then U (�) � S(�).(3) S n S(�) is P-scattered.P ro o f. (1) follows from the de�nition of S(�) while (3) is a consequenceof (1) and (2). So, it remains to prove (2). Suppose, on the contrary, that (2)fails for some U 2 T(S), and let � be the �rst ordinal such that U (�) n S(�)6= ;. Since U (0) = U � S = S(0), it follows that � > 0. Then, by de�nition,there exists G 2 T(S) such that G \ U (�) 6= ; and clS(G) \ S(�) 2 P forsome � < �. Take H 2 T(G) such that H \U (�) 6= ; and clS(H) � U . ThenclS(H)\U (�) 2 C(clS(H)) because clS(H) � U and U (�) is closed in U . Onthe other hand, U (�) � S(�) because � < �. Therefore,clS(H)\ U (�) 2 C(clS(H)\ S(�)) � C(clS(G) \ S(�)) � P:However, this is impossible because H \ U (�) 6= ;.Suppose that S �M and P � P(M). We say that a family F of subsetsof S is a �-discrete closed P-cover of S if F is a �-discrete (in S) cover of Ssuch that F � P \ C(S).Lemma 4.3. Let M be a metric space, and let P � P(M) be such that; 2 P and C(P ) � P whenever P 2 P. Then every P-scattered subspace S ofM has a �-discrete closed P-cover.P ro o f (by trans�nite induction on �P(S) of the P-scattered subspacesS of M). If �P(S) = 0, then S = ; and fSg is a �-discrete closed P-cover of S. Suppose that, for some � > 0, every P-scattered subspace S ofM with �P(S) < � has a �-discrete closed P-cover. Next, let T � M besuch that �P(T ) = �. For every � < � we set U� = T n T (�). Note that�P(U�) � � because, by Lemma 4.2, U (�)� � T (�) \ U� = ;. Hence, bythe inductive hypothesis, for every � < � there exists a �-discrete closedP-cover G� of U�. On the other hand, the open family fU� : � < �g has a�-discrete closed (in T ) re�nement L with SL = SfU� : � < �g becauseM is a metric space. For every L 2 L, pick a �xed �(L) < � such thatL � U�(L). Then D = �L \ G : L 2 L and G 2 G�(L)	 is a �-discrete closed(in T ) family such that D � P because each D 2 D is a subset of someG 2 SfG� : � < �g � P. Now, let T� = T nSD = TfT (�) : � < �g. SinceT (�) = ;, by de�nition, there exists a cover H � T(T ) of T� such that toevery H 2 H there corresponds a �(H) < � with clT (H) \ T (�(H)) 2 P.Hence, in particular, clT (H)\T� 2 P because T� is closed in T (�(H)). Then,let E � C(T�) be a �-discrete (in T ) cover of T� which re�nes H. This



10 V. Gutev and H. Ohtacertainly implies that E � P. Therefore, F = D [ E is a �-discrete closedP-cover of T .Proof of Theorem 4.1. Let X , A, � and M be as in that theorem. Also,let P = �S 2 P(M) : A� S is P�-embedded in X � S	 :The family P has the following two important properties.(i) ; 2 P and C(S) � P whenever S 2 P.(ii) SD 2 P whenever D � P is discrete in SD.Indeed, the empty set is P -embedded in any space and, in particular,; 2 P. The rest of (i) follows from Lemma 2.1. As for (ii), it follows from thefact that, in this case, the family fX �D : D 2 Dg is discrete in X �SD.The conclusion of our theorem becomes now equivalent to the statementthatM 2 P. Suppose on the contrary thatM 62 P, and let S 2 C(M) nP besuch that w(S) = minfw(F ) : F 2 C(M) n Pg. Let us show that(iii) S has a countable closed cover F with F � P.According to (i), (ii) and Lemma 4.3, it su�ces to show that S is a P-scattered subspace of M . Suppose on the contrary that we can �nd 
 suchthat S(P;
) = S(P;
+1) 6= ;. Then, by Lemma 2.3, S(P;
) is nowhere locallycompact while, by the choice of S, S(P;
) is weight-homogeneous. Moreover,S(P;
) is closed in M by Lemma 4.2. Hence, by hypothesis of our theorem,S(P;
) 2 P and therefore, by de�nition, S(P;
+1) = ;. The contradiction soobtained completes the veri�cation of (iii).We now complete the proof as follows. By Lemma 3.2, (iii) implies thatA � S is well-embedded in X � S. On the other hand, A � S is a zero-setof A�M and X � S is a zero-set of X �M . Thus, it follows from Lemma2.1 that every zero-set of A � S is a zero-set of A �M and every zero-setof X � S is a zero-set of X �M . Hence, A � S is also CU -embedded inX � S because, by hypothesis, A �M is CU -embedded in X �M . Then,by Proposition 3.5, A � S is C1-embedded in X � S. Moreover, it followsfrom Lemma 2.1 again that A�F is P�-embedded in X�S for each F 2 F.However, according to (iii) and Lemma 3.3, these �nally imply that S 2 P,which contradicts the choice of S.5. A further reduction of separating the factors. For sets D andR, we use RD to denote the set of all maps from D to R and, in the specialcase of R = 2, we identify 2D with the power P(D) ofD. If T is a set, B � Rand G : T ! P(B)D, then we say that H : T ! P(R)D is an expansion ofG provided G[t](d) � H[t](d) for every t 2 T and d 2 D. Finally, with everymap H : T ! P(R)D we associate another map hH; Di : T ! P(R) de�nedby hH; Di(t) = SH[t](D) for every t 2 T .



Does C�-embedding imply C-embedding 11As usual, an ordinal is the set of smaller ordinals and a cardinal is aninitial ordinal. For cardinals { and �, let {<� = Sf{� : � < �g. Forconvenience, we regard {0 as the singleton f;g. With every � 2 {� and� < { we associate another map � �̂ 2 {�+1 de�ned by � �̂j� = � and� �̂(�) = �. We say that a map H : {<! ! P(R)D is decreasing if, forevery � 2 {<! and � < {, the family H[� �̂](D) re�nes H[�](D), i.e. eachmember of H[� �̂](D) is included in some member of H[�](D).We also need the following terminology. If Y and M are topologicalspaces and S : {<! ! P(M), then we say that H : {<! ! P(Y ){ is S-freeprovided\fclY (hH;{i(tjn))� clM (S(tjn)) : n < !g = ; for every t 2 {!.We say that a map S : {<! ! T(M) is a sieve on M if S(;) = M andS(�) = SfS(� �̂) : � < {g for every � 2 {<! . For a sieve S : {<! ! T(M)on a space M and a point z 2M , let�n(z) = f� 2 {n : z 2 clM(S(�))g; n < !;�!(z) = ft 2 {! : tjn 2 �n(z) for every n < !g;and Sn(z) =[fS(�) : � 2 �n(z)g; n < !:We say that a sieve S : {<! ! T(M) is strong if(i) ; 62 S({<!),(ii) each family fS(�) : � 2 {ng; n < !, is locally �nite in M , and(iii) whenever z 2 M , the collection fSn(z) : n < !g is a local base at zin M .Finally, for a space Y , we write T0(Y ) for the collection of all cozero-setsof Y , and C0(Y ) for the zero-sets of Y .Theorem 5.1. Let � be an in�nite cardinal , A be a P�-embedded subsetof a topological space X , and letM be a weight-homogeneous nowhere locallycompact metric space. Also, let { = w(M). Then A �M is P�-embeddedin X �M provided for every strong sieve S : {<! ! T(M) on M , everydecreasing S-free map G : {<! ! T0(A){ admits an S-free expansion H :{<! ! T0(X){.To prepare for the proof of Theorem 5.1, we arrange a few preliminaryfacts into separate statements.Lemma 5.2. Let { be a cardinal number , M and Y be topological spaces ,S : {<! ! T(M) be a strong sieve on M , and let G : {<! ! P(Y ){be a decreasing map. For every z 2 M the following two conditions areequivalent :



12 V. Gutev and H. Ohta(a) TfclY (hG;{i(tjn)) : n < !g = ; for every t 2 �!(z).(b) TfSfclY (hG;{i(�)) : � 2 �n(z)g : n < !g = ;.P ro o f. Let y 2 Y be such that for every n < ! there is � 2 �n(z) withy 2 clY (hG;{i(�)).Then, for every n < !, we may de�ne a non-empty subset�n of �n(z) by �n = f� 2 �n(z) : y 2 clY (hG;{i(�))g. Note that � 2 �n+1implies �jn 2 �n because G is decreasing. In addition, each �n is �nitebecause so is �n(z). Hence, by K�onig's Lemma (see Lemma 5.7 in ChapterII of [16]), there exists a point t 2 {! such that tjn 2 �n � �n(z) for everyn < !. In particular, t 2 �!(z) and y 2 TfclY (hG;{i(tjn)) : n < !g, whichdemonstrates that (a) implies (b). Since the converse implication is obvious,this completes the proof.We now turn to statements which concern relationships between the basicconcepts involved in our Theorem 5.1. The �rst one sheds a bit more lighton S-free maps and their role as components of embedding-like propertiesin product spaces. It will be found to be very useful in the next section.Lemma 5.3. Let { be a cardinal number , M and Y be topological spaces ,S : {<! ! T(M) be a strong sieve on M , and let G : {<! ! P(Y ){ be adecreasing map. Then G is S-free if and only if the family fhG;{i(�)�S(�) :� 2 {<!g is locally �nite in Y �M .P ro o f. Suppose that G is S-free, and let (y; z) 2 Y � M . Then, byde�nition, TfclY (hG;{i(tjn)) : n < !g = ; for every t 2 �!(z). Accordingto Lemma 5.2, this implies that\n[fclY (hG;{i(�)) : � 2 �n(z)g : n < !o = ;:Hence, there exists m < ! and a neighbourhood V of y in Y such that(5:1) V \ hG;{i(�) = ; for every � 2 �m(z).We now consider the set(5:2) Lm(z) =M n[fclM(S(�)) : � 2 {m n�m(z)g:Thus, we get a neighbourhood Lm(z) of z such that(5:3) �m(x) � �m(z) for every x 2 Lm(z):Whenever n � m and � 2 {n, note that, by (5.3), x 2 S(�) \ Lm(z)implies � jm 2 �m(x) � �m(z). Therefore, S(�)\ Lm(z) 6= ; implies � jm 2�m(z). Since G is decreasing, by (5.1), this �nally implies that (V �Lm(z))\(hG;{i(�) � S(�)) = ; for every � 2 {n with n � m. Since each familyfS(�) : � 2 {ng is locally �nite, z has a neighbourhood U in M such thatU � Lm(z) and f� 2 {<m : U \ S(�) 6= ;g is �nite. Then V � U is aneighbourhood of (y; z) in Y �M which meets only �nitely many membersof fhG;{i(�)� S(�) : � 2 {<!g.



Does C�-embedding imply C-embedding 13To show the converse, take a point z 2 M and t 2 �!(z). Since thefamily fhG;{i(�) � S(�) : � 2 {<!g is locally �nite, for every y 2 Ythere exists a neighbourhood of (y; z) in Y �M which meets only �nitelymany members of fhG;{i(tjn)�S(tjn) : n < !g. This certainly implies thaty 62 clY (hG;{i(tjm)) for some m < !, i.e. TfclY (hG;{i(tjn)) : n < !g = ;,which completes the proof.Our next lemmas are related to the existence of strong sieves on weight-homogeneous nowhere locally compact metric spaces.Lemma 5.4. Let M be a weight-homogeneous non-compact metric space.Then there exists a family U of non-empty open subsets of M which isdiscrete in M and jUj = w(M).P ro o f. Since M has a �-discrete base, the proof reduces to the caseof w(M) = { > ! and cf({) = !. In this case, there exists a sequencef{n : n < !g of regular cardinals such that { = sup{n. Since M is notcompact, there is a discrete (in M) family fUn : n < !g of non-emptyopen subsets of M . Since M is weight-homogeneous, w(Un) = { > {n foreach n < !. Hence, for every n < !, there is a family Un of non-emptyopen subsets of Un which is discrete in clM(Un) and jUnj � {n. Finally, thefamily U = SfUn : n < !g is discrete in M and jUj = {.Lemma 5.4 fails if M is not weight-homogeneous. For example, endowM = !!+1 with the following topology. A basic neighbourhood of the point!! is a set of the form M n !n for n < !, while each point of M n f!!g isisolated. Then M is a metric space with w(M) = !! but the cardinality ofany discrete (in M) family U of open subsets ofM is less than !!. This waskindly pointed out by S. Fujii.Lemma 5.5. Let M be a weight-homogeneous nowhere locally compactmetric space, and let { = w(M). Then there exists a strong sieve S : {<! !T(M) on M .P ro o f (by induction on n < !). Take a compatible metric d on M suchthat d(y; z) � 1 for every y; z 2 M . Next, set S(;) = M , and then supposethat S(�) is a non-empty open subset ofM for some � 2 {n and n < !. LetD be a non-empty open subset of S(�) with diamd(D) < 1=2n+1. Accordingto Lemma 5.4, there exists a discrete (in M) family U of non-empty opensubsets of D such that jUj = {. On the other hand, there exists a locally�nite (inM) family V of non-empty open subsets ofM such thatSV = S(�)and diamd(V ) < 1=2n+1, V 2 V . Since jU [ Vj = {, we may now �x abijection S� : { ! U [ V . Then, for every � < {, just set S(� �̂) = S�(�).In this way, we get a sieve S : {<! ! T(M) such that ; 62 S({<!) anddiamd(clM (S(�))) � 1=2n whenever � 2 {n. Also, fS(�) : � 2 {ng islocally �nite for every n < !. That is, S is a strong sieve on M .



14 V. Gutev and H. OhtaIt should be mentioned that a metric space M which has a strong sieveS : {<! ! T(M) for some { � ! is weight-homogeneous and nowherelocally compact. This fact will not be used in the paper and we leave thearguments to the interested reader.We conclude the preparation for the proof of Theorem 5.1 with anotherlemma concerning special partitions of unity subordinate to strong sieves.Following the notation of Section 2, let C(M;I) denote the subset of C(M)of all continuous functions on M with values in I= [0; 1]. We say that amap � : {<! ! C(M;I) is a sieve-partition of unity on M if �[;] is theconstant function on M with value 1, and �[�] = Pf�[� �̂] : � < {g forevery � 2 {<! . For h 2 C(M;I), denote by supp(h) the supporting set of h,i.e. supp(h) = clM(h�1((0; 1])).Lemma 5.6. Let { be an in�nite cardinal , and let S : {<! ! T0(M)be a strong sieve on a metric space M . Then there exists a sieve-partitionof unity � : {<! ! C(M;I) on M such that supp(�[�]) � S(�) for every� 2 {<!.P ro o f. Since each fS(� �̂) : � < {g, � 2 {<!, is a locally �nite cozero-set cover of S(�), there exists a sieve L : {<! ! T0(M) on M such thatclM(L(�)) � S(�) for every � 2 {<! . Take a map � : {<! ! C(M;I) suchthat �[�]�1(0) = M n L(�) for every � 2 {<! . Then de�ne another map� : {<! ! C(M;I) by setting �[;] = �[;]=�[;] and, for every � 2 {<! and� < {, �[� �̂] = 8<: �[�] � �[� �̂]Pf�[� �̂] : � < {g provided L(�) 6= ;,�[� �̂] otherwise.This � satis�es all our requirements.Proof of Theorem 5.1. Let (Y; k � k) be a Banach space with w(Y ) � �,and let f : A �M ! Y be a continuous map. We now show that f has acontinuous extension g : X �M ! Y .For this purpose, with every space T we associate an exponential corre-spondence �T : C(T �M;Y ) ! C(T; Y ){<! de�ned in the following way.Let S : {<! ! T(M) be a strong sieve on M which exists by Lemma 5.5.Pick a �xed dense subset D of M with jDj = {, and then de�ne a map� : {<! !M by �(�) 2 D\S(�) for every � 2 {<! . Finally, �T is de�nedby �T (h)[�](x) = h(x; �(�)) for every h 2 C(T � M;Y ), � 2 {<! andx 2 T .Now, let � = �A(f) : {<! ! C(A; Y ). Since the correspondence �T isinjective, the statement that f has a continuous extension g to the whole ofX �M becomes equivalent to the existence of a map � : {<! ! C(X; Y )



Does C�-embedding imply C-embedding 15subject to the extension condition(EC) � [�]��A = �[�] for every � 2 {<! ;and, in addition, to the continuity condition(CC) � 2 �X(C(X �M;Y )):Namely, a map g 2 C(X � M;Y ) is an extension of f if and only if thecorresponding map � = �X(g) satis�es both (EC) and (CC). It is nowclear that the hypothesis on A to be P�-embedded in X implies \many"solutions of (EC). In contrast, (CC) has no visible relationship with ourhypotheses. In this regard, a key step in the proof is given by the followingequivalent setting of (CC). Let � : {<! ! C(M;I) be a sieve-partition ofunity onM as in Lemma 5.6 applied to the sieve S. Then, as we demonstrateat the end of this proof, h 2 C(X �M;Y ) implies(y) h = limn!1X f�[�] ��X(h)[�] : � 2 {ng :In view of this, (CC) becomes now equivalent to the condition on � that(CC)y limn!1X f�[�] � � [�] : � � n{ng 2 C(X �M;Y ):Having (CC)y in mind, the �nal separating of the factors of the productX � M will be achieved by a condition on � that concerns only X andinvolves S-free expansions of a sequence of decreasing S-free maps generatedby �.Turning to this, for every � 2 {<! we pick a �xed map D� : { ! D2such that(5:4) D�({) = (D \ S(�))2:Next, for every k < ! we de�ne a map Gk : {<! ! T0(A){ by letting, for� 2 {<! and � < {,(5:5) Gk[�](�) = �x 2 A : diam(f(fxg � D� [�](2)))> 1=2k+1	 :Note that, by (5.4), � < { implies D� �̂[{] � D�[{]. Therefore Gk [� �̂]({)always re�nes Gk[�]({). That is, each Gk ; k < !, is a decreasing map.Finally, observe also that, by (5.4) and (5.5), � 2 {<! implies(5:6) hGk;{i(�) = fx 2 A : diam(f(fxg � S(�))) > 1=2k+1g:Since our sieve S is strong and f is continuous, by (5.6), each Gk ; k < !,is an S-free map. Then each Gk has a decreasing S-free expansion Hk :{<! ! T0(X){. Indeed, by hypothesis, Gk has an S-free expansion H0k :{<! ! T0(X){. Then for every � 2 {<! and �; � < { just set Hk [;](�) =H0k [;](�) and Hk [� �̂ ](�) = H0k[� �̂ ](�) \ Hk [�](�), where � < { is suchthat Gk [� �̂ ](�) � Gk [�](�).



16 V. Gutev and H. OhtaThe maps Hk ; k < !, will play an important role in our proof. So,we summarize some of their properties. For convenience, whenever k < !,we de�ne maps Fk : {<! ! C(X) and Zk : {<! ! C0(X){ by settingFk(�) = X n hHk;{i(�) and Zk [�](�) = X n Hk [�](�) for � 2 {<! and� < {. Note that(5:7) Fk(�) =\fZk[�](�) : � < {g for every � 2 {<! .Since Hk is an expansion of Gk, it follows from (5.5) and (5.6) that, for every� 2 {<! and � < {,(5:8) diam(f(fxg � D�[�](2))) � 1=2k+1 for every x 2 Zk[�](�)\A,and(5:9) diam(f(fxg � S(�)) � 1=2k+1 for every x 2 Fk(�)\A.We also need the following properties of Fk; k < !, which are not directlyrelated to the map f . Namely, since each Hk is decreasing, the followingholds for every t 2 {!:(5:10) Fk(tjm) � Fk(tjn) whenever m � n < !.Since Hk is S-free, TfclX(hHk;{i(tjn)) : n < !g = ; for every t 2 �!(z)and every z 2M . Hence, by Lemma 5.2, for every point z 2M we have(5:11) X =[n\fintX(Fk(�)) : � 2 �n(z)g : n < !o:Here, intX(Y ) means the interior of Y in X . To these properties, we addanother one related to the map � = �A(f) : {<! ! C(A; Y ) which issu�cient to restore in full the former map f . Namely, according to thede�nition of �, (5.9) and (5.10), we see that, for every k < !, m � n < !and � 2 {n,(z) k�[�](x)� �[�jm](x)k � 1=2k+1 whenever x 2 Fk(�jm)\A.We are now ready to construct the promised � : {<! ! C(X; Y ) satisfyingboth (EC) and (CC). In view of (CC)y, our �nal reduction of (CC) is givenby the requirement on � that, for every k � m � n < ! and � 2 {n,(CC)z k� [�](x)� � [�jm](x)k � 1=2k whenever x 2 Fk(�jm).Construction of � . By induction on n < !, we shall construct a sequenceof maps �n : {n ! C(X; Y ) such that, for every k � m � n < ! and � 2 {n,(5:12) �n[�]��A = �[�]and(5:13) k�n[�](x)� �m[�jm](x)k � 1=2k whenever x 2 Fk(�jm).



Does C�-embedding imply C-embedding 17If this is done, then we may de�ne � : {<! ! C(X; Y ) by � j{n =�n for every n < !. According to (5.12) and (5.13), it will satisfy all ourrequirements.Thus, it only remains to de�ne these �n's. Since A is P�-embedded inX , by de�nition, there is a map 
 : {<! ! C(X; Y ) satisfying (EC), i.e.(5:14) 
[�]��A = �[�] for every � 2 {<! .Then, setting �0 = 
j{0, we may suppose that, for some n < !, the maps�m : {m ! C(X; Y ); m � n, have already been de�ned so that (5.12) and(5.13) hold, and let us now demonstrate how �n+1 : {n+1 ! C(X; Y ) canbe constructed. To prepare for this, we need the following observation.Claim 1. For every � 2 {n+1 and k � m � n, there exists a zero-setBkm(�) of X such that Bkm(�)\A = ; andk
[�](x)� �m[�jm](x)k< 1=2k for every x 2 Fk(�jm) nBkm(�):P ro o f. We consider the set O = fx 2 X : k
[�](x)� �m[�jm](x)k <1=2kg. Note that, by (5.14) and (5.12), we have 
[�](x) = �[�](x) =f(x; �(�)) and �m[�jm](x) = �[�jm](x) = f(x; �(�jm)) for every x 2 A. Onthe other hand, �(�) 2 D \ S(�) � D \ S(�jm) and �(�jm) 2 D \ S(�jm).Hence, by (5.4), there exists � < { such that D�jm[�](2) = f�(�); �(�jm)g.For this particular �, by (5.7) and (5.8), we �nally getFk(�jm)\A � Zk[�jm](�)\ A � O:Then Bkm(�) = Zk [�jm](�) nO is as required.Whenever � 2 {n+1, let Bkm(�); k � m � n, be as in Claim 1. ThenB(�) = SfBkm(�) : k � m � ng is a zero-set of X as a �nite union ofzero-sets of X and, by Claim 1, A \ B(�) = ;. Since A is C-embeddedin X , by Lemma 3.1, there is h� 2 C(X;I) such that A � h�1� (1) andB(�) � h�1� (0). Now, de�ne �n+1[�] 2 C(X; Y ) by letting, for every x 2 X ,�n+1[�](x) = (1� h�(x)) � �n[�jn](x) + h�(x) �
[�](x):In this way, we get a map �n+1 : {n+1 ! C(X; Y ). To show that it isas required, take � 2 {n+1. Then, by (5.14), �n+1[�]��A = 
[�]��A = �[�]because A � h�1� (1). That is, (5.12) holds. In order to check (5.13), letk � m < n+1 and x 2 Fk(�jm). Since �n and �m are as in (5.13), we have(5:15) k�n[�jn](x)� �m[�jm](x)k< 1=2k:If x 2 B(�), then �n+1[�](x) = �n[�jn](x) because B(�) � h�1� (0). There-fore, by (5.15), k�n+1[�](x) � �m[�jm](x)k < 1=2k. In case x 62 B(�), itfollows from Claim 1 that k
[�](x)� �m[�jm](x)k < 1=2k. This, togetherwith (5.15), �nally implies that



18 V. Gutev and H. Ohtak�n+1[�](x)� �m[�jm](x)k= k(1� h�(x)) � (�n[�jn](x)� �m[�jm](x))+ h�(x) � (
[�](x)� �m[�jm](x))k� (1� h�(x)) � k�n[�jn](x)� �m[�jm](x)k+ h�(x) � k
[�](x)� �m[�jm](x)k< (1� h�(x)) � 1=2k + h�(x) � 1=2k = 1=2k:Thus, (5.13) holds as well.Construction of g 2 C(X � M;Y ) with �X(g) = � . Let � : {<! !C(M;I) be as in Lemma 5.6. Note that, for every m � n < !, � 2 {m andz 2M ,(5:16) �[� ](z) =Xf�[�](z) : � 2 {n and �jm = �g:Then, for each n < !, we de�ne a map gn : X �M ! Y by setting, for(x; z) 2 X �M , gn(x; z) =Xf�[�](z) � � [�](x) : � 2 {ng:According to Lemma 5.6, the above de�nition is correct because Y is aBanach space and each family fS(�) : � 2 {ng, n < !, is locally �nite.Moreover, gn is a continuous map. In order to check this, for every n < !and z 2M , let Ln(z) be as in (5.2). Then Ln(z) is a neighbourhood of z inM such that, by (5.3), �n(y) � �n(z) for every y 2 Ln(z). On the otherhand, by Lemma 5.6,(5:17) �[�](y) = 0 for every � 2 {n n�n(y).This �nally implies thatgn(x; y) =Xf�[�](y) � � [�](x) : � 2 �n(z)g for (x; y) 2 X � Ln(z):Hence, gn is continuous because �n(z) is �nite.The following two claims collect a bit more information about themaps gn.Claim 2. Whenever (x; z) 2 X �M and m � n < !, we havegm(x; z) =X f�[�](z) � � [�jm](x) : � 2 �n(z)g :P ro o f. It follows from (5.16) and (5.17) thatgm(x; z) =Xf�[� ](z) � � [� ](x) : � 2 �m(z)g=XnXf�[�](z) : � 2 {n and �jm = �g � � [� ](x) : � 2 �m(z)o=X f�[�](z) � � [�jm](x) : � 2 {n and �jm 2 �m(z)g :Since �n(z) � f� 2 {n : �jm 2 �m(z)g, (5.17) completes the proof.



Does C�-embedding imply C-embedding 19Claim 3. For every (x; z) 2 X�M and k < !, there exists a neighbour-hood U of (x; z) in X �M and an m < ! such thatkgn(y; s)� gm(y; s)k < 1=2k whenever (y; s) 2 U and m � n < !.P ro o f. By (5.11), there exists m < ! such thatx 2 V =\fintX (Fk+1(�)) : � 2 �m(z)g:Let us show that U = V � Lm(z) satis�es all our requirements, whereLm(z) is as in (5.2). To this end, take a point (y; s) 2 U . Then, by (5.3),�m(s) � �m(z), and therefore y 2 TfFk+1(�) : � 2 �m(s)g. Hence, by(CC)z, n � m impliesk� [�](y)� � [�jm](y)k< 1=2k+1 for every � 2 �n(s)because �n(s) � f� 2 {n : �jm 2 �m(s)g. Then, by (5.17) and Claim 2,this �nally implies that, for every n � m,kgn(y; s)� gm(y; s)k �X f�[�](s) � k� [�](y)� � [�jm](y)k : � 2 �n(s)g�X��[�](s) � 12k+1 : � 2 �n(s)�= 12k+1 Xf�[�](s) : � 2 {ng= 12k+1 � �[;](s) = 12k+1 :For (x; z) 2 X �M , it follows from Claim 3 that fgn(x; z) : n < !g isa Cauchy sequence in the Banach space (Y; k � k). So, it must converge tosome point of Y . Hence, we can de�ne a map g : X �M ! Y byg(x; z) = limn!1 gn(x; z) for every (x; z) 2 X �M:This map g is continuous. Indeed, take a point (x; z) 2 X�M and an " > 0.According to Claim 3, there exists a neighbourhood V of (x; z) 2 X �Mand an m < ! such that n � m implieskgn(y; s)� gm(y; s)k < "=3 for every (y; s) 2 V .Hence, in particular, kg(y; s)�gm(y; s)k � "=3 for every (y; s) 2 V . Becauseof the continuity of gm, there also exists a neighbourhood W of (x; z) 2X �M such that kgm(x; z) � gm(y; s)k < "=3 for every (y; s) 2 W . Thus,whenever (y; s) 2 V \W , we getkg(x; z)� g(y; s)k � kg(x; z)� gm(x; z)k+ kgm(x; z)� gm(y; s)k+ kgm(y; s)� g(y; s)k< "=3 + "=3 + "=3 = ";which certainly implies that g is continuous.



20 V. Gutev and H. OhtaWe complete the proof of Theorem 5.1 by showing that g is an extensionof f . Let (x; z) 2 A �M , and let " > 0. Since our sieve S is strong, thecollection fSn(z) : n < !g constitutes a local base at the point z in M .Hence, there exists m < ! with kf(x; z)� f(x; y)k < " for every y 2 Sm(z).On the other hand, by (EC), � [�](x) = �[�](x) = f(x; �(�)) for every� 2 {<! . Since �(�) 2 S(�) � Sn(z) � Sm(z) for every � 2 �n(z) andn � m, this implies thatkf(x; z)� � [�](x)k < " whenever � 2 �n(z) and n � m:In addition, by (5.17), we havef(x; z) =Xf�[�](z) � f(x; z) : � 2 �n(z)g for every n < !.This �nally implies that, for every n � m,kf(x; z)� gn(x; z)k �Xf�[�](z) � kf(x; z)� � [�](x)k : � 2 �n(z)g<Xf�[�](z) � " : � 2 �n(z)g= " �Xf�[�](z) : � 2 {ng = " � �[;](z) = ":That is, f(x; z) = limn!1 gn(x; z) = g(x; z).6. Proof of Theorem 1.1. According to Proposition 3.6 and Theorems4.1 and 5.1, the following two propositions �nally accomplish the proof ofTheorem 1.1.Proposition 6.1. Let A be a subset of a topological space X , and letM be a weight-homogeneous nowhere locally compact metric space such thatA�M is C�-embedded in X�M . Let { = w(M) and let S : {<! ! T(M) bea strong sieve on M . Then every decreasing S-free map G : {<! ! T0(A){admits an S-free expansion H : {<! ! T0(X){.P ro o f. Since each cozero-set is a countable union of zero-sets, for ev-ery � 2 {<! there exists a map Z� : { ! C0(A)! such that G[�](�) =hZ�; !i(�) for every � < {. On the other hand, by [27, Lemma], there is amap p : {<! !M2 such that, for every � 2 {<! and � 2 {<! n f�g,(6:1) p[�](0) 6= p[�](1) and p[�](2)� S(�) n p[� ](2):For every � 2 {<! and i < 2, we letZi(�) =[ fZ�[�](n)� fp[� �̂ n̂](i)g : � < { and n < !g :Note that Z0(�)[ Z1(�) � A � S(� �̂ n̂) for each � < { and n < !, whilefA�S(� �̂ n̂) : � < { and n < !g is a locally �nite family of cozero-sets ofA�M . Hence, by Lemma 2.4, both Z0(�) and Z1(�) are zero-sets of A�M .



Does C�-embedding imply C-embedding 21Whenever � 2 {<! , we now set W� = SfG[�](�)� S(� �̂) : � < {g whichde�nes a cozero-set of A�M such thatZ0(�) [ Z1(�) � W� � hG;{i(�)� S(�):Then, by Lemma 5.3, fW� : � 2 {<!g is a locally �nite family of cozero-setsof A�M . Relying once again on Lemma 2.4, we �nd that Zi = SfZi(�) :� 2 {<!g is a zero-set of A � M for every i < 2. Moreover, by (6.1),Z0 \ Z1 = ;. Since A � M is C�-embedded in X � M , this implies theexistence of g 2 C(X�M) such that Zi � g�1(i); i < 2. For every � 2 {<!and � < {, we now letH[�](�) =[�fx 2 X : diam(g(fxg� p[� �̂ n̂](2))) > 2=3g : n < !	:Thus, we get a map H : {<! ! T0(X){ which is an expansion of G. Indeed,x 2 G[�](�) implies that x 2 Z� [�](n) for some n < !. Therefore, x 2H[�](�) because diam(g(fxg� p[� �̂ n̂](2))) = 1.It only remains to show thatH is S-free. Take t 2 �!(z) for some z 2M .Also, let x 2 X . Since g is continuous at (x; z) 2 X �M and S is a strongsieve, there is a neighbourhood U of x and m < ! such that(6:2) diam(g(U � S(tjm))) < 2=3:By (6.1), we have p[(tjm) �̂ n̂](2) � S((tjm) �̂ n̂) � S(tjm) for all � < {and n < !. According to the de�nition of H[tjm](�) and (6.2), this �nallyimplies that U \H[tjm](�) = ; for all � < {. That is, x 62 clX(hH;{i(tjm)),which completes the proof.Proposition 6.2. Let A be a subset of a topological space X , and letM be a weight-homogeneous nowhere locally compact metric space such thatA�M is U!-embedded inX�M . Let { = w(M) and let S : {<! ! T(M) bea strong sieve on M . Then every decreasing S-free map G : {<! ! T0(A){admits an S-free expansion H : {<! ! T0(X){.P ro o f. As before, for every � 2 {<! there is a map Z� : { ! C0(A)!such that G[�](�) = hZ�; !i(�) for every � < {. Also, let q : {<! ! M besuch that, for every � 2 {<! and � 2 {<! n f�g,(6:3) q(�) 2 S(�) n fq(�)g:Following the previous proof, for every � 2 {<! , we now de�ne a zero-setQ(�) = SfZ�[�](n) � fq(� �̂ n̂)g : � < { and n < !g of A �M , and acozero-set W� = SfG[�](�)� S(� �̂) : � < {g of A �M . In this way, forevery � 2 {<! we haveQ(�) � W� � hG;{i(�)� S(�):By Lemma 5.3, fW� : � 2 {<!g is locally �nite in A �M . According to



22 V. Gutev and H. OhtaLemma 2.4, for every k < ! we can de�ne a zero-set of A�M by lettingFk =[�Q(�) : � 2 {<! n {<k	 :Then fFk : k < !g is a decreasing sequence such that TfFk : k < !g = ;because fQ(�) : � 2 {<!g is locally �nite. Since A �M is U!-embeddedin X �M , by Lemma 2.5, we can �nd a decreasing sequence fZk : k < !gof zero-sets of X �M such that TfZk : k < !g = ; and Fk � Zk, k < !.Whenever k < !, take a continuous gk : X �M ! [0; 1=2k+1] such thatZk = g�1k (0), and then let g =Pfgk : k < !g. Thus, we get g 2 C(X �M)with the property that(6:4) g(X �M) � (0; 1] and g(Zk) � [0; 1=2k) for every k < !.Whenever � < { and � 2 {k for some k < !, we may now setH[�](�) =[�fx 2 X : g(x; q(� �̂ n̂)) < 1=2kg : n < !	:In fact, this de�nes a map H : {<! ! T0(X){ which is an expansion ofG. Indeed, x 2 G[�](�) implies x 2 Z�[�](n) for some n < !. Therefore,(x; q(� �̂ n̂)) 2 Q(�) � Fk � Zk because � 2 {k. So, by (6.3) and (6.4),x 2 H[�](�).We �nish the proof by showing that H is S-free. Take t 2 �!(z) forsome z 2 M . Also, let x 2 X . Then, by (6.4), there exists k < ! such thatg(x; z) 2 �1=2k; 1�. Since g is continuous at (x; z) 2 X�M and S is a strongsieve, there exists a neighbourhood U of x and an m < !, with k � m, suchthat(6:5) g(U � S(tjm)) � �1=2k; 1� :By (6.3), q((tjm) �̂ n̂) 2 S((tjm) �̂ n̂) � S(tjm) for every � < { and n < !.Hence, by (6.5), U \ H[tjm](�) = ; for every � < { because k � m. Thatis, x 62 clX(hH;{i(tjm)).7. A solution to another problem of Przymusi«ski. The techniquedeveloped in the paper allows one to obtain also the following solution of[23, Problem 1].Theorem 7.1. For a subset A of a topological space X and an in�nitecardinal {, the following conditions are equivalent :(a) The set A�M is C�-embedded in X �M for every metric space Mwith w(M) � {.(b) The set A is C-embedded in X and every decreasing map G : {<! !T0(A){ has an expansionH : {<! ! T0(X){ such that TfclX(hH;{i(tjn)) :n < !g = ; for every t 2 {! with TfclA(hG;{i(tjn)) : n < !g = ;.P ro o f. Suppose that A is as in (a). Endowing { with the discrete topol-ogy, we may identify {! with the universal zero-dimensional Baire space of



Does C�-embedding imply C-embedding 23weight {. Then {! is weight-homogeneous and nowhere locally compact.De�ne S : {<! ! T({!) by S(�) = ft 2 {! : tjn = �g for every � 2 {nand n < !. Note that S is a strong sieve on {!, each S(�) is a clopen subsetof {!, and(7:1) t 2\fS(tjn) : n < !g for every t 2 {! .We also need the set T = ft 2 {! : 0 2 t(!)g which is both dense and openin {!.Let {1 = f�+1 : � < {g. Next, for every � < {, de�ne '(�) = �+1 and (�+1) = �. In this way, we get two injections ' : { ! {1 and  : {1 ! {such that  � ' = id{ , the identity map of {.Suppose now that G : {<! ! T0(A){ is a decreasing map. With thismap G we associate another one G1 : {<! ! T0(A){ de�ned by letting, forevery � 2 {n and n < !, G1[�] = G[ ��] if � 2 {n1 and G1[�](�) = ;; � < {,otherwise. In this way, we get a decreasing map G1 such that for every t 2 Tthere exists an n < ! with(7:2) hG1;{i(tjn) = ;:Then we de�ne a subset M of {! by(7:3) M = nt 2 {! :\fclA(hG1;{i(tjn)) : n < !g = ;o :According to (7.2), T � M , which implies that M is weight-homogeneousand nowhere locally compact because T is a dense open subset of {! . Finally,de�ne a strong sieve S1 : {<! ! T(M) onM by S1(�) = S(�)\M for every� 2 {<! . By (7.1) and (7.3), G1 is S1-free. Then, by (a) and Proposition 6.1,the map G1 has an S1-free expansion H1 : {<! ! T0(X){. In particular,H1 satis�es(7:4) G1[�](�) � H1[�](�) for every � 2 {<! and � < {,and, by (7.1) and the de�nition of S1,(7:5) \fclX(hH1;{i(tjn)) : n < !g = ; for every t 2M .De�ne another map H : {<! ! T0(X){ by H[�] = H1[' � �] for every� 2 {<! . This H is as required in (b). To show that H is an expansion ofG, take a � 2 {n for some n < !. Then, by (7.4), � < { impliesH[�](�) = H1[' � �](�) � G1[' � �](�) = G[ � ' � �](�) = G[�](�)because ' � � 2 {n1 and  � ' = id{.Finally, assume that TfclA(hG;{i(tjn)) : n < !g = ; for some t 2 {! .Then ' � t 2M , because ' � tjn 2 {n1 , n < !, and
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