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FELL CONTINUOUS SELECTIONS AND TOPOLOGICALLY
WELL-ORDERABLE SPACES

V. GUTEV AND T. NOGURA

Abstract. The present paper extends the idea to characterize topological prop-
erties of a space X by means of continuous selections for its closed subsets F(X)
endowed with a “natural” hyperspace topology. In this particular case, we prove
that the property of X to be topologically well-orderable is equivalent to the
existence of a selection for F(X) which is continuous with respect to the Fell
topology.

1. Introduction

Let X be a topological space, and let F(X) be for the family of the non-empty
closed subsets of X. Also let 7 be a topology on F(X). Amap f: F(X) — X is
a selection for F(X) if f(S) € S for every S € F(X). Amap f: F(X) — X isa
T-continuous selection for F(X) if it is a selection for F(X) which is continuous
with respect to the topology 7 on F(X).

Now, we recall two topologies which will play the most important role in this
paper. The one is the Vietoris topology Ty on F(X) which is generated by all
collections of the form

<V):{Se]-"(X):SﬂV7é(ZJ, Vev, and Sch},

where V runs over the finite families of open subsets of X. The another is the
Fell topology Tr which is defined by all basic Vietoris neighbourhoods (V) with
the property that X\ |JV is compact.

Finally, let us recall that a space X is called topologically well-orderable (see
Engelking, Heath and Michael [1]) if there exists a linear order on X compatible
with the topology of X such that every non-empty closed subset of X has a first
element.
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On the one hand, Engelking, Heath and Michael have characterized in [I,
Theorem 4.4] all topologically well-orderable spaces among the strongly zero-
dimensional metrizable spaces (see, also, Herrlich [3]). Here is their result.

Theorem 1.1 ([1]). A strongly zero-dimensional metrizable space is topologically
well-orderable if and only if it is locally compact and separable.

On the other hand, just in this case, we also have the following recent result of
ours [2, Theorem 6.1].

Theorem 1.2 ([2]). A strongly zero-dimensional metrizable space X admits a Tp-
continuous selection for F(X) if and only if it is locally compact and separable.

In the present note we prove the following natural result which generalizes both
Theorem 1.1 and Theorem 1.2.

Theorem 1.3. A Hausdorff space X is topologically well-orderable if and only if
F(X) has a Tr-continuous selection.

The proof of Theorem 1.3 is a based on a reduction to the compact case and
special Vietoris continuous selections. Here are the precise steps of this proof.

2. A reduction to locally compact spaces
In the sequel, all spaces are assumed to be at least Hausdorff.

Theorem 2.1. Let X be a space such that F(X) has a Tp-continuous selection.
Then X s locally compact.

Proof. Let f : F(X) — X be a 7p-continuous selection for F(X). Suppose, if
possible, that X is not locally compact. Hence, there exists a point p € X such
that V is not compact for every neighbourhood V of p in X. Claim that there
exists S € F(X) such that

(1) pgS and f(SU{p})=p.

For the purpose, note that there exists F' € F(X) such that F' is not compact and
p ¢ F. Next, set Y = FU{p} and g = f|F(Y). Thus, we get a Tp-continuous
selection for F(Y) because Y is closed in X. Since p is an isolated point of Y, we
now have that g='(p) is a 7e-clopen neighbourhood of {p} in F(Y'). Hence, there
exists a finite family W of open subsets of Y such that Y\ [JW is compact and

{pt e W) Cg'(p).
Then, F' N (UW) # 0 because F is not compact. Therefore, there exists a non-
empty finite subset S of F' such that S U {p} € (W). This S is as required.

Let S be as in (1). Since X is Hausdorff, f(S) # f(S U {p}), and f is 7p-

continuous, there exist two finite families &/ and V of open subsets of X such that
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X\UU and X\ UV are compact, S € (), SU{p} € (V), and {UU) N (V) = 0.
Then, the set V, = {V € V: V NS = 0} is such that

2 peVcx\Ju
Indeed, V, # 0 because S ¢ (V). Hence, p € (|V,. Suppose there is a point
g€ (NVy) N(UYU). Then, SU {q} € ({U) because S € (U). However, we also
get that S U {q} € (V) because S U {p} € (V), while SNV = for some V € V
implies ¢ € V. Thus, we finally get that S U {q} € () N (V) which is impossible.
So, (2) holds.

To finish the proof, it only remains to observe that the statement (2) contradicts
the choice of p. Namely V,, = [V, becomes a neighbourhood of p which, by (2),
has a compact closure V,, because X\ |JU is compact. U

3. A reduction to compact spaces

For a locally compact space X we will use aX to denote the one point com-
pactification of X. For a non-compact locally compact X let us agree to denote
by « the point of the singleton a X\ X.

Theorem 3.1. Let X be a locally compact non-compact space. Then, F(X) ad-
mits a Tp-continuous selection if and only if F(aX) admits a Ty-continuous se-
lection g such that g~ (a) = {{a}}.

Proof. Let f : F(X) — X be a 7p-continuous selection for F(X). Define a
selection g : F(aX) — aX by g(S) = f(SNX)if SNX # 0 and ¢g(5) = «
otherwise. To show that ¢ is as required, we have only to show that it is 7y-
continuous. To this end, note that any selection is 7y -continuous at the singletons
of F(aX). Hence, in particular, g is 7-continuous at {a}. Take now S € F(aX)
such that SN X # (), and let U be a neighbourhood of ¢(S) = f(S N X). Since

f is Tp-continuous, there exists a finite family V of open subsets of X such that
X\ UV is compact, SN X € (V), and

3) flw)cl
Then, by the definition of the topology at the point «, we get that

@ o= (Uv)utal
is a neighbourhood of a in aX because X\ [JV is compact. Finally, set
B) Vo={W}uV

In this way, we get a finite family V), of open subset of aX because X is open in
aX. Take T € F(aX) and then note that 7' € (Vy) implies that TN X NV # ()
for every V € V. Hence, by (4) and (5), we get that

T € (Vo) ifandonlyif TNX € (V).
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In particular, by (3), this implies that (V) is a 7y-neighbourhood of S in F(aX)
such that g((V,)) C U. That is, g is 7-continuous at S.

Suppose now that g : F(aX) — aX is a 7y-continuous selection for F(aX)
such that g~ '(a) = {{a}}. Note that S U {a} € F(aX) whenever S € F(X).
Then, we may define a selection f : F(X) — X for F(X) by

f(S)=g(SU{a}) forevery S e F(X).

Let us show that f is Tp-continuous. Take S € F(X) and a neighbourhood U of
f(S) = g(SU{a}). Then, there exists a finite family W of open subsets of aX
such that S U {a} € (W) and g((W)) C U. Then,

YV ={W\{a}: W e W}
is a finite family of open subsets of X such that, for every T € F(X),
T (V) ifand only if T U{a} € (W).

Hence, in particular, S € (V) and ¢((V)) C U. In addition, X\ |JV is compact
because X\ JV = aX\UW. That is, g is 7p-continuous. O

4. Special selections and connected sets

As a next step in our proof, we establish the following result which may have
some independent interest.

Theorem 4.1. Let X be a space, a € X, and let A € F(X) be a connected set
such that |A] > 1 and {a} = AN X\A. Also, suppose that f : F(X) — X is a
Ty -continuous selection for F(X). Then, f~'(a) # {{a}}.

Proof. Suppose, if possible, that f~*(a) = {{a}}. Then, f(A) # {a} because, by
hypothesis, |A| > 1. Therefore, U = X\ X\ A is a neighbourhood of f(A). Since

f is Ty-continuous, this implies the existence of a finite open (in X) cover V of A
such that

©) (V) cu

By hypothesis, {a} = AN X\A. Hence, every neighbourhood of A contains a
point of X\ A. Therefore, there exists a non-empty finite set F' C X\ A with

(7) Y=AUFe€ (V).

Define a map ¢ : F(A) — F(Y) by p(S) = SUF for every S € F(A). Note that
¢ is continuous with respect to the Vietoris topologies on F(A) and F(Y). On
the other hand, by a result of [4, 6], the space (F(A), 7y) is connected because so
is A. Hence, ¢(F(A)) is a connected subset of (F(Y'), 7). Finally, observe that

8)  w(F(A))NfHEF) #0.
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Indeed, by assumption, we have f~'(a) = {{a}} which implies f({a} U F) € F.
Therefore {a} UF € f~(F) N p(F(A)).

To finish the proof, let us observe that the set f~'(F) is my-clopen in F(Y)
because F is clopen in Y. Hence, by (8), p(F(A)) C f~1(F) because ¢(F(A))
is 7y-connected. In particular, this implies that f(AU F) € F C X\U. However,
by (6) and (7), we have f(AU F) € U. A contradiction. O

5. A further result about special selections

In what follows, we shall say that a point a € X is a partition of X if there
are open subset L, R C X\{a} such that LN R = {a} and LN R = 0.

We complete the preparation for the proof of Theorem 1.3 with the following
result about special Vietoris continuous selections and partitions.

Theorem 5.1. Let X be a compact space, f be a Ty -continuous selection for
F(X), and let a € X be a partition of X, with f~'(a) = {{a}}. Then, X is first

countable at a.

Proof. By definition, there are open sets L, R C X\{a} such that LN R = {a}
and L N R = (). Hence, both L and R are non-empty. Take a point ¢; € L. Then,
by hypothesis, f({¢1,a}) = ¢;. Since f is T-continuous, this implies the existence
of a neighbourhood L; C L of ¢; and a neighbourhood V; of a such that

LinVi=0 and  f({{L,Wi})) C L.

Since a € R, there now exists a point 7; € V;NR. On the other hand, f({a,}) =
r1 € V1. Hence, just like before, there exists a neighbourhood R; C V; N R of r,
and a neighbourhood W of a such that

Wl C Vl, Rl N W1 = @ and f(<{R1,W1}>) C Rl.

Thus, by induction, we may construct a sequence {¢,, : n < w} of points of L, a
sequence {r, : n < w} of points of R, and open sets L,, V,, R,, W,, C X such that

9) ly€L,, a€V, L,NV,=0 and f({({Ln,V,}))C Ln,

(10) r, € R,, a€W,, R,NW,=0 and f({{R,,W,})) C Ry,
and

(1) Vo cW,cW,CcV,, LygacCcLnW, and R,CRNV,.
Let C = ({W, : n < w}. Note that C' C X is closed because, by (11),

C:ﬂ{Wn:n<w}:ﬂ{Vn:n<w}.
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Let us show that, in fact, C' = {a}. To this end, for every n < w we set P, =
W, U{f,}. Thus, we get a decreasing sequence of closed subsets because, by (9)
and (11), Poy1 = Woit U {lpy1} C€ W, C P,. The last observation also implies
that C = ({P, : n < w}. Since X is compact, we finally get that P, is 7y-
convergent to C, i.e. f(C) = lim,_ P,. On the other hand, by (9) and (11), we

get that P, € ({Vj,, L,,}), hence f(P,) = {, € L. As aresult, f(C) € L.

We repeat the same trick with R. Namely, for every n < w we set @), =
Vo1 U{r,}. Then, by (10) and (11),

Qn—i—l = Vn+2 U {Tn—‘rl} - Vn-i—l C Qn € <{Rna Wn}>

Since X is compact, we now have f(C) = lim, .o Qy € R because, by (10),
f(@Q,) =r, € R. However, by hypothesis, L N R = {a} which finally implies that
C = {a} because C € f~'(a) = {{a}}.

Thus, we have that, for instance, {W,, : n < w} is a local base at a because X
is compact and W, 11 C W, for every n. O

6. Proof of Theorem 1.3

In case (X, <) is a topologically well-ordered space, f(S) = min< S, S € F(X),
defines a selection f for F(X). Since, by [1, Lemma 4.1], the set {zx € X : x < a}
is compact for every a € X, the map f is 7m-continuous.

Suppose now that F(X) has a 7p-continuous selection. In case X is compact,
the conclusion of Theorem 1.3 follows from a result of van Mill and Wattel [5]. Let
X be non-compact. By Theorem 2.1, X is locally compact. Then, by Theorem
3.1, F(aX) has a Ty-continuous selection f such that f~'(a) = {{a}}. Relying
once again to the result of [5], X is a linear ordered topological space with
respect to some linear order < on aX. It now suffices to show that there exists a
compatible (with the topology of aX) linear order < on aX such that « is either
the first or the last element of a.X. For the purpose, let

L={rcaX:z<a} and R={r€aX: @ a<z}.

Note that L, R C aX\{a} = X are open. In case one of these sets is also closed,
the desired linear order < on aX can be defined by exchanging the places of L
and R. Namely, by letting for z,y € aX that x < y if and only if

z,y€ Landx <y, orx,y€ Randx <y, orx € Rand y € L.

Finally, let us consider the case LN R = {a}. In this case, a is a partition of aX.
Hence, by Theorem 5.1, aX is first countable at «. Let C|a] be the connected
component of aX in a. Since f~'(a) = {{a}}, it now follows from Theorem
4.1, that Cla] = {a}. Then, aX has a clopen base at a. Indeed, let ¢ € L and
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r € R. Since C[a] is also the quasi-component of the point «, there are clopen
neighbourhoods Uy, U,. of a such that ¢ € U, and r ¢ U,. Then,

U={zecUnU,:t<x<r}=UnU.N(r)
is a clopen neighbourhood of «, with U C (¢, r).

That is, X has a clopen base at o and it is first countable at this point. Then,
let {U, : n < w} be a decreasing clopen base at « with Uy = aX. Next, for every
point z € X let n(x) = max{n : x € U,} and, for convenience, n(a) = w. Then,
we may define a linear order < on aX by z < y if and only if

either n(z) <n(y) or n(z)=n(y) and z <y.

Since {U,, : n < w} is a decreasing clopen base at «, the order < so defined is
compatible with the topology of aX. It is clear that, with respect to <, « is the
last element of (X, <). This completes the proof.
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